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Aldred and Plummer proved that every 6-connected even graph minimally embedded
on the torus or the Klein bottle is E(1, n)(n ≤ 3) and E(0, n)(n ≤ 5) [R.E.L. Aldred,
M.D. Plummer, Restricted matching in graphs of small genus, Discrete Math. 308 (2008)
5907–5921]. In this paper, we can remove the upper bounds on n by showing that every
even 6-regular graph G embedded on the torus or the Klein bottle has property E(1, n− 1)
and E(0, n) for arbitrary n ≤ |V (G)|2 − 1.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Throughout this paper, G is assumed to be a simple graph with vertex-set V (G) and edge-set E(G). A matching M of G
is a set of independent edges, and it is called perfect if every vertex of G is incident with an edge in it. A graph G with at
least 2n + 2 vertices is said to be n-extendable if it admits a matching of size n and every such matching can be extended
to a perfect matching of G. The concept of n-extendable graphs, introduced by Plummer [13], originated from the extensive
study of elementary bipartite graphs and matching-covered graphs (i.e., 1-extendable graphs). So far, many results have
been obtained concerning n-extendable graphs. In particular, there have been studies of how the property of n-extendability
intersects with such other graph parameters as genus [6,14], toughness [15], the investigation of the behavior of matching
extendability under the operations of Cartesian product [8] and lexicographic product [5], the relation of extendability and
factor-criticality [7,20], amongst others.
A surface Σ is a connected compact Hausdorff topological space which is locally homomorphic to an open disc in
the plane. According to the Classification Theorem of Surfaces, every surface Σ is homeomorphic to precisely one of the
orientable surfaces Sg (g ≥ 0) or the non-orientable surfaces Nk (k > 0), where Sg and Nk are obtained from the sphere by
adding g handles and k crosscaps respectively [11]. S1 and N2 are the well-known torus and Klein bottle.
A graphGwith at least 2m+2n+2 vertices is said to have the property E(m, n) (abbreviated asG is E(m, n)) if, for any two
disjoint matchingsM and N of sizem and n, respectively, there is a perfect matching F satisfying thatM ⊆ F and N ∩ F = ∅.
This concept was first introduced by Porteous [16]. Since E(m, n) is equivalent tom-extendability when n = 0, the E(m, n)
property is somewhat of a natural generalization of m-extendability, and, compared to it, it has just added the concept of
forbidden edges. So E(m, n) is still called a restricted matching extension. First, the possible and impossible implications of
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Fig. 1. T v,rm and its vertex labels withm = 4, v = 36, and r = 4.
E(m, n) properties for various values of m and n were studied [16,17]. Later, the E(m, n) properties of graphs on surfaces
were considered [1,2,10]. The forbidden E(m, n) property for a graph on a surface and the confined E(m, n) property with
the fixed connectivity in graphs with small genus were particularly studied. Recently, Aldred and Plummer proved that
every 6-connected even graph embedded on the torus or the Klein bottle is E(1, n) for n ≤ 3 and E(0n) for n ≤ 5. They
believed that the results are not the best possible. In this paper, we confirm their belief by proving the following theorem.
Theorem 1.1. Every 6-connected even graph G embedded on the torus or the Klein bottle is E(0, n) and E(1, n−1) for all possible
values of n, i.e., as long as |V (G)| ≥ 2n+ 2.
To keep the recursive relation that E(m, n) implies E(m − 1, n), there is the restriction of the number of vertices in the
definition of E(m, n), that is to say, if G is E(m, n), then G initially must be with |V (G)| ≥ 2m + 2n + 2. Actually, in the
special case considered in this paper, we will show that the additional pair of vertices is not necessary, which will be seen
in Theorems 3.6 and 3.7.
2. Preliminaries
In this section, we first prove that a 6-connected graph G on the torus or the Klein bottle is minimally embedded. Next,
we show that G is necessarily a 6-regular triangulation. Finally, the classifications of 6-regular triangulations on the torus
and the Klein bottle are presented.
Lemma 2.1 ([11]). Let S be a surface with Euler characteristic χ(S), and let G be a simple graph embedded on S. Then the average
valence of G is not more than 6− 6 χ(S)|V (G)| .
If χ(S) > 0, then there must exist a vertex of Gwhich is of degree not more than 5 by Lemma 2.1. Hence a 6-connected
graph on the torus or the Klein bottle is minimally embedded by the evidence that χ(S0) = 2 and χ(N1) = 1, where S0 and
N1 are the sphere and the projective plane, respectively.
Lemma 2.2 ([2]). If G is a 6-connected even graph minimally embedded on the torus or the Klein bottle, then G is E(2, 1).
Lemma 2.3 ([2]). If G is a5-connected even toroidal or Klein-bottle graphwhich is also E(2, 1), thenG is a6-regular triangulation.
Lemmas 2.2 and 2.3 imply the following result.
Lemma 2.4. Every 6-connected graph embedded on the torus or the Klein bottle is a 6-regular triangulation.
There was a classification of 6-regular triangulations on the torus even earlier, in 1973 [4]. To introduce the accurate
classifying result, some notation is needed to begin with.
For a graph G being a 6-regular triangulation on the torus, let L be a path in G, and let x be an inner vertex in L. L is normal
at x if, of the four edges incident to x and not on L, two are on one side of L and the other two are on the other side of L.
The path L is normal if it is normal at every inner vertex. It has been proved that one can get a normal cycle by producing a
normal path in a ‘‘normal’’ manner as far as possible [3]. In [4], it is shown that, if G has a normal cycle of length n, then G
is isomorphic to a graph T v,rm with v = |V (G)| and r = vn . The graph T v,rm is defined as follows, and is shown in Fig. 1. The
vertices in T v,rm are a
j
i for 1 ≤ i ≤ n and 1 ≤ j ≤ r . The vertical sides of the rectangle in Fig. 1 are identified in the natural
way while the identification of the lower and the upper sides must be carried out according to the notation of the vertices
and needs some shifting unlessm = 1.
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Fig. 2. K v,rm and its vertex labels withm = 4, v = 36, and r = 4.
Fig. 3. Nv,rm and its vertex labels withm = 5, v = 28, and r = 7.
In T v,rm , for 1 < j < r , the vertex a
j
i is adjacent to the six vertices a
j−1
i , a
j−1
i−1, a
j
i−1, a
j+1
i , a
j+1
i+1, a
j
i+1; a
r
i is adjacent to
ar−1i , a
r−1
i−1 , a
r
i−1, a
1
i+m−1, a
1
i+m, a
r
i+1; and a
1
i is adjacent to a
r
i+1−m, a
r
i−m, a
1
i−1, a
2
i , a
2
i+1, a
1
i+1. Here, and in the following, the
subscripts are taken modulo n and the superscripts are taken modulo r .
In [4], the author announced the following result in Theorems 2.1 and 3.2.
Theorem 2.5. Let G be a regular triangulation on the torus with v vertices, in which the normal cycle of maximal length is of
length n. Then n|v, n ≠ 1, 2, and there exists an integer m such that G ∼= T v,rm , where r = v/n. The three normal circuits through
each vertex are of lengths n = vr , n1 = v(n,m−1) , n2 = v(n,r+m−1) , where (p, q)means the greatest common divisor of p and q.
The graph K v,rm is defined as follows, and is shown in Fig. 2, in which a
r
i is adjacent to a
r−1
i , a
r−1
i−1 , a
r
i−1, a
1
m+1−i, a
1
m−i, a
r
i+1;
a1i is adjacent to a
r
m−i+1, a
r
m−i, a
1
i−1, a
2
i , a
2
i+1, a
1
i+1; and, for 1 < j < r , a
j
i is adjacent to a
j−1
i , a
j−1
i−1, a
j
i−1, a
j+1
i , a
j+1
i+1, a
j
i+1.
The graph Nv,rm is defined as follows, according to the parity of r , and is shown in Figs. 3 and 4. When r is odd, for
2 < j < r − 1, aji is adjacent to aj+1i+1, aj+2i , aj+1i−1, aj−1i−1, aj−2i , aj−1i+1; a2i is adjacent to a3i+1, a4i , a3i−1, a1i−1, a1i+1, arm−i; a1i is
adjacent to a2i+1, a
3
i , a
2
i−1, a
r
m−i−1, a
r
m−i+1, a
r−1
m−i; a
r−1
i is adjacent to a
r
i+1, a
1
m−i, a
r
i−1, a
r−2
i−1 , a
r−3
i , a
r−2
i+1 ; and a
r
i is adjacent to
a1m−i−1, a
2
m−i, a
1
m−i+1, a
r−1
i−1 , a
r−2
i , a
r−1
i+1 , where the superscripts are taken modulo r and the subscripts are taken modulo
v
r .
When r is even, for 2 < j < r − 1, aji is adjacent to aj+1i+1, aj+2i , aj+1i−1, aj−1i−1, aj−2i , aj−1i+1; a2i is adjacent to a3i+1, a4i , a3i−1, a1i−1,
a1i+1, a
r
m−i+1; a
1
i is adjacent to a
2
i+1, a
3
i , a
2
i−1, a
r
m−i, a
r−1
m−i+1, a
r
m−i+2; a
r−1
i is adjacent to a
r
i+1, a
1
m−i+1, a
r
i−1, a
r−2
i−1 , a
r−3
i , a
r−2
i+1 ; and
ari is adjacent to a
1
m−i, a
2
m−i+1, a
1
m−i+2, a
r−1
i−1 , a
r−2
i , a
r−1
i+1 , where the superscripts are taken modulo r and the subscripts are
taken modulo vr .
Thomassen classified the Klein-bottle polyhexes into five classes in [19]. Li et al. reclassified the five classes into two
regular classes [9]. By considering the dual forms of K(p, q, t) and N(p, q, t), one can easily get the classification of 6-regular
triangulations on the Klein bottle. (It should be mentioned that there was a classification of 6-regular triangulations on the
Klein bottle of an earlier unpublished manuscript, in 1984 [12]. The descriptions differ from each other in the forms but
essentially are the same, and we choose the one that is more suitable for our application.)
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Fig. 4. Nv,rm and its vertex labels withm = 5, v = 28, and r = 6.
Fig. 5. The graph H9 .
Theorem 2.6. Let G be a 6-regular triangulation on the Klein bottle. Then it is isomorphic to one of K v,rm and N
v,r
m .
3. Proof of Theorem 1.1
The crucial point of the proof is based on the following lemma.
Lemma 3.1. Let F be a matching of a graph G. If the vertices of G can be covered by a family C of disjoint 4-cycles, then G − F
has a perfect matching.
Proof. For each member C in the family C , F ∩ C has at most two independent edges. Hence there are two independent
edges in C − F which trivially cover the vertices of C . Running over all members in the family C , a perfect matching of G is
obtained. 
From the above lemma, it can be seen that all we have to do is to decompose the graphs into disjoint 4-cycle pieces. But
for T v,rm , there is a trick that we can decompose it into larger pieces, pieces of triangulation of an annulus. Then by the use of
some properties related to restricted matching extension of them, we can present a succinct proof for T v,rm .
Now we give the accurate definition of a triangulation of an annulus, denoted by Hn (see Fig. 5). In it, V (Hn) =
{x1, x2, . . . , xn}∪{y1, y2, . . . , yn} and E(Hn) = {xixi+1|1 ≤ i ≤ n}∪{yiyi+1|1 ≤ i ≤ n}∪{xiyi|1 ≤ i ≤ n}∪{xiyi−1|1 ≤ i ≤ n},
where the subscripts are taken modulo n.
For F ⊆ E(G) (respectively, S ⊆ V (G)), by G− F (respectively, G− S), we mean the resulting graph by deleting the edges
in F (respectively, the vertices in S and the edges incident to S).
Lemma 3.2. Let F = {f1, f2, . . . , fn′} be a matching of Hn. Then Hn − F has a perfect matching.
Proof. Ifn is even, thenV (Hn) can be covered by 4-cycles {Ci = xixi+1yi+1yi|1 ≤ i ≤ n−1 and i is odd}. Hence, by Lemma3.1,
Hn − F has a perfect matching.
If n is odd, letM ′ = {xiyi|1 ≤ i ≤ n}; thenM ′ is a perfect matching of Hn of size n. If F = M ′, then {xiyi−1|1 ≤ i ≤ n} is a
desired perfect matching. If F ≠ M ′, then at least one element ofM ′, say x1y1, does not belong to F . Then Hn − {x1, y1} can
be covered by 4-cycles {xixi+1yi+1yi|2 ≤ i ≤ n− 1 and i is even}, and hence has a perfect matchingM ′′ withM ′′ ∩ F = ∅ by
Lemma 3.1. Finally,M ′′ ∪ {x1y1} is a required perfect matching. 
Lemma 3.3. Let n be odd, and let {e, f1, f2, . . . , fn′} ⊆ E(Hn) such that F = {f1, f2, . . . , fn′} is a matching of Hn with e ∉ F .
Then Hn − V (e)− F contains a perfect matching.
Proof. By the symmetry of Hn, without loss of generality, we may suppose that e = x1x2 or e = x1y1.
For e = x1x2, if y1y2 ∈ F , then y2x3 ∉ F and yny1 ∉ F , since F is a matching. Then the vertex set of the remaining graph H ′
of Hn after deleting the vertices {x1, x2, yn, y1, y2, x3} can be covered by 4-cycles {xixi+1yiyi−1|4 ≤ i ≤ n − 1 and i is even}.
Hence H ′ contains a perfect matchingM ′ withM ′ ∩ F = ∅ by Lemma 3.1. A desired matching isM ′ ∪ {yny1, y2x3}.
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If y1y2 ∉ F and there exists an integer j such that yjyj+1 ∈ F , then either exactly one of j and j+1 is odd or both j and j+1
are odd (exactly in the case that j = n), and xjyj ∉ F . We suppose that j is odd. Then H ′ = Hn − {x1, x2, y1, y2, xj, yj} can be
covered by 4-cycles {xixi+1yi+1yi|i ≠ 1 is odd when i < j and i is even when j < i ≤ n− 1}. Consequently, H ′ has a perfect
matching M ′ with M ′ ∩ F = ∅ by Lemma 3.1. Thus M ′ ∪ {y1y2, xjyj} is a desired perfect matching. Similarly for y1y2 ∉ F ,
and there exists some j such that xjxj+1 ∈ F for 2 ≤ j ≤ n. Then it remains to consider that all xjxj+1 ∉ F and yjyj+1 ∉ F
for 1 ≤ j ≤ n. If x3y3 ∉ F , then V (Hn) − {x1, x2, y1, y2, x3, y3} can be covered by 4-cycles. If x3y3 ∈ F , then x3y2 ∉ F and
V (Hn)− {x1, x2, y1, yn, x3, y2} can be covered by 4-cycles. Thus, in either case, a required perfect matching can be found.
For e = x1y1, Hn−{x1, y1} can be covered by 4-cycles {xixi+1yi+1yi| 2 ≤ i ≤ n− 1 and i is even}. Trivially, the conclusion
holds in this case. 
Lemma 3.4. For n even, let e = x1y1 and F ′ = {x2iy2i|1 ≤ i ≤ n2 }. Let F be an arbitrary matching of Hn with e ∉ F . Then Hn
does not contain a perfect matching M with e ∈ M and M ∩ F = ∅ if and only if F ⊇ F ′.
Proof. LetH ′n = Hn−{x1, y1}. ThenH ′n−F ′−{x2i+1|1 ≤ i ≤ n2 −1}∪{y2i+1|1 ≤ i ≤ n2 −1} leaves {x2i|1 ≤ i ≤ n2 }∪{y2i|1 ≤
i ≤ n2 } an independent set. |{x2i+1|1 ≤ i ≤ n2−1}∪{y2i+1|1 ≤ i ≤ n2−1}| = n−2 and |{x2i|1 ≤ i ≤ n2 }∪{y2i|1 ≤ i ≤ n2 }| = n,
so, by Tutte’s theorem,Hn does not contain a perfectmatchingM with e ∈ M andM∩F ′ = ∅. If F ⊇ F ′, thenH ′n−F ⊆ H ′n−F ′,
so Hn does not contain a perfect matchingM with e ∈ M andM ∩ F = ∅.
If F ⊉ F ′, then there exists some integer i with x2iy2i ∉ F . Then Hn − {x1, y1, x2i, y2i} can be covered by 4-cycles. Hence
Hn does contain a perfect matchingM with e ∈ M andM ∩ F = ∅. 
Lemma 3.5. Let n be even, and let {e, f1, f2, . . . , fn′} ⊆ E(Hn) such that F = {f1, f2, . . . , fn′} is a matching of Hn with
e = x1x2 ∉ F . Then Hn − V (e)− F contains a perfect matching.
Proof. If y1y2 ∈ F , then yny1 ∉ F . Consequently, Hn − {x1, x2, yn, y1} can be covered by 4-cycles {xixi+1yiyi−1|3 ≤ i ≤
n− 1 and i is odd}. If y1y2 ∉ F , then Hn−{x1, x2, y1, y2} can be covered by 4-cycles {xixi+1yi+1yi|3 ≤ i ≤ n− 1 and i is odd}.
Hence a desired perfect matching can be found. 
Now, it is time to present the proofs of ourmain results. Because wemainly focus on the 6-connected graphs on the torus
and the Klein bottle in this paper, in the following, T v,rm , K
v,r
m , and N
v,r
m are restricted to being simple.
An isomorphism between two simple graphs G and H is a bijection π : V (G) → V (H) such that, for any x, y ∈ V (G),
x and y are adjacent in G if and only if π(x) and π(y) are adjacent in H . Let Li be the induced subgraph of T v,rm with
V (Li) = {a2i−11 , a2i−12 , . . . , a2i−1n } ∪ {a2i1 , a2i2 , . . . , a2in }. Then Li ∼= Hn. Let C1 : x1x2 · · · xnx1 and C2 : y1y2 · · · yny1 be the
two peripheral cycles of Hn.
Theorem 3.6. Let F = {f1, f2, . . . , fn′} be a matching of T v,rm . Then T v,rm − F has a perfect matching.
Proof. If r is even, then V (T v,rm ) =
 r
2
i=1 V (Li). Since each Li contains a perfect matchingMi withMi ∩ F = ∅ by Lemma 3.2, r
2
i=1 Mi is a desired perfect matching.
For r odd, it suffices to transform T v,rm to an isomorphic T
v,r ′
m′ with r
′ is even. r is odd, so n is even because v = n × r
and v is even. If m is odd, then, by Theorem 2.5, there is a normal circuit of length n′ = v
(n,m−1) . Hence T
v,r
m
∼= T v,r ′m′ with
r ′ = vn′ = (n,m − 1). Then r ′ is even. If m is even, then, by Theorem 2.5, there is a normal cycle of length n′ = v(n,r+m−1) .
Hence T v,rm ∼= T v,r
′
m′ with r
′ = vn′ = (n, r +m− 1). Then r ′ is even. 
Theorem 3.7. Let {e, f1, f2, . . . , fn′} ⊆ E(T v,rm ) such that F = {f1, f2, . . . , fn′} is a matching of T v,rm with e ∉ F . Then
T v,rm − V (e)− F contains a perfect matching.
Proof. By symmetry, we suppose that e ∈ L1 and e = a11a21 or e = a11a12.
For r = 2, V (T v,rm ) = V (L1), if n is odd, then, by Lemma 3.3, L1 contains a perfect matchingM with e ∈ M andM ∩ F = ∅.
So does T v,rm . If n is even, then L1 cannot contain a perfect matching with e ∈ M and M ∩ F = ∅ only if e = a11a21 and
F ⊇ F ′ = {a12ia22i|1 ≤ i ≤ n2 } by Lemmas 3.4 and 3.5. Next we will show that T v,rm does have a perfect matching with e ∈ M
andM∩F = ∅ in this case. F is amatching, so a2i a2i+1, a1i a1i+1 ∉ F . Form even, T v,rm is simple (see Fig. 6), so a1m is different from
any one of a11, a
1
n−1 and a1n. The two peripheral cycles C1 and C2 of L1 contain two perfectmatchingsM1 andM2 when deleting
the vertices a11, a
2
1, a
1
n, a
2
n, a
1
m, and a
1
n−1. Then M1 ∪ M2 ∪ {a1n−1a1n, a2na1m} is a desired perfect matching. For m odd, the two
peripheral cycles C1 and C2 of L1 contain two perfect matchingsM1 andM2 when deleting the vertices a11, a
2
1, a
1
2, a
1
3, a
2
2, and
a1m+1 (see Fig. 7). T v,rm is simple andm is odd, so a
1
m+1 is different from any one of a
1
1, a
1
2 and a
1
3. ThenM1∪M2∪{a22a1m+1, a12a13}
is a desired perfect matching.
For r even and r ≥ 4, we consider the induced subgraphs L1 and L2 (see Fig. 8). For L1, similarly as before, we just need
to consider the case that n is even and e = a11a21, F ⊇ {a12ia22i|1 ≤ i ≤ n2 }. Then L1 has a perfect matching M1 (which can be
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Fig. 6. The illustration of the case whenm is even (the double edges are in F ).
Fig. 7. The illustration of the case whenm is odd (the double edges are in F ).
Fig. 8. Illustration for the proof when r is even and r ≥ 4 (the double edges are in F ).
accurately obtained on the two peripheral cycles) when deleting the vertices a1n−2, a
1
n−1, a1n, a
2
n−2, a
2
n−1, a2n, a
1
1 and a
1
2. Also
L2 has a perfect matching M2 when deleting the vertices a3n−1 and a3n and the edges in F , by Lemma 3.5. For 3 ≤ i ≤ r2 ,
Li contains a perfect matching Mi with Mi ∩ F = ∅ by Lemma 3.1. Then r2i=1 Mi ∪ {a2n−2a3n−1, a1n−2a2n−1, a1n−1a1n, a2na3n} is a
desired perfect matching.
For r odd, similar to Theorem 3.6, we can transform T v,rm to an equivalent T
v,r ′
m′ with r
′ even. 
Next we will present the same results as in Theorems 3.6 and 3.7 for K v,rm and N
v,r
m . The proof is slightly tedious but is a
straightforward case check, so we just give a sketch.
Lemma 3.8 ([9,18]). All K(p, q, t) are equivalent for 0 ≤ t ≤ p− 1; all N(p, q, t) are equivalent for 0 ≤ t ≤ p− 1.
Hence the following lemma is obtained immediately.
Lemma 3.9. All K v,rm are equivalent for 0 ≤ m ≤ vr and all Nv,rm are equivalent for 0 ≤ m ≤ vr .
By the above lemma, we can fix anm to make our discussion more definite.
Let F = {f1, f2, . . . , fn′} be a matching of K v,rm (respectively, Nv,rm ). If v = 4k for some integer k, then we can show that
both V (K v,rm ) and V (N
v,r
m ) can be covered by disjoint 4-cycles. If v = 4k+ 2, then, for any edge e of K v,rm (respectively, Nv,rm )
and not belonging to F , we can always show that V (K v,rm ) \ V (e) (respectively, V (Nv,rm ) \ V (e)) can be covered by disjoint
4-cycles. Hence K v,rm and N
v,r
m are E(0, n
′) by Lemma 3.1.
Let {e, f1, f2, . . . , fn′} ⊆ E(K v,rm )(respectively, E(Nv,rm )) such that F = {f1, f2, . . . , fn′} is a matching of K v,rm (respectively,
Nv,rm ) with e ∉ F . If v = 4k for some integer k, then, by the initial structure of the graphs, we know that there is a quadrangle
fe containing e with e′ = V (fe) \ V (e) ∉ F . Further, we can show that, by deleting this quadrangle, the remaining vertices
can be covered by disjoint 4-cycles. If v = 4k+2, then we can always show that V (K v,rm )\V (e) (respectively, V (Nv,rm )\V (e))
can be covered by disjoint 4-cycles. Hence K v,rm and N
v,r
m are E(1, n
′) by Lemma 3.1.
By the above arguments, Theorem 1.1 holds.
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